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Abstract—Higher-order boundary-layer effects for natural convection flow in a right-angle corner formed
by a semi-infinite vertical plate, which is prescribed with a uniform heat flux, and a semi-infinite horizontal
plate, which is thermally insulated, is presented. Using the method of asymptotic matched expansions the
solution is obtained up to the fourth-order expansion. For the first time the interplay between the two
boundary-layer flows, which takes place through the outer inviscid region, has been investigated. Eigen-
values and their corresponding eigenfunctions which are associated with the inner expansions have been
sought and it has been found that their contribution up to fourth-order correction is identically zero.
Numerical results have been obtained for Prandtl numbers of 0.72 (air), 1 and 6.7 (water) and the flow in
the outer region and the velocity and temperature profiles in the boundary layers are presented. Also the
variation of the local Nusselt number and skin friction coefficients on the plates are presented as functions
of the local Grashof numbers. It is found that the presence of the horizontal plate has quite a substantial
effect on the higher-order approximations in the vertical boundary layer and the outer region.
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1. INTRODUCTION

ONE OF the most active areas of research in theoretical
convection heat transfer is to determine higher-order
boundary-layer approximations in a viscous incom-
pressible fluid for some flow configurations. Previous
investigations of natural convection at finite Grashof
numbers consists notably of refs. [1-14] for vertical,
horizontal and inclined flat plates. Higher-order
approximations for the problem of free and mixed
convection flow arising from a wall plume and a hori-
zontal line thermal source of heat have also been
obtained in refs. [15-19]. For other geometries we
may refer to refs. [20, 21]. On the other hand, recent
interest in the flow through a porous medium has led
to a large number of papers dealing with higher-order
effects for the Darcian free and mixed convection
boundary-layer flow adjacent to a solid surface that
is embedded in a fluid-saturated porous medium.
Comprehensive reviews of the literature in this area
have recently been made in refs. [22, 23].

The approach used in all these contributions is
based on the method of matched asymptotic expan-
sions as described by Van Dyke [24] and Martynenko
et al. [25]. This concept, which has been successfully
applied to a wide variety of singular-perturbation
problems in fluid mechanics, prescribes a precise mat-
ching scheme in order to completely specify the boun-
dary-layer motion to any desired order.

The problem of higher-order buoyancy-induced

fluid effects in a corner has received relatively little
attention. The first analytical approach to this
problem, which uses matched asymptotic expansions,
is that of Riley and Poots [26] who analysed natural
convection flow due to a heated right-angie corner
formed by the intersection of two semi-infinite vertical
plates. More recently, several authors {25, 27-29] have
showed interest in the problem of natural convection
in a corner that is formed by a vertical, heated plate
which intersects at an arbitrary angle with another
unheated plate. Luchini et al. [28, 29] formulated this
problem using the method of matched asymptotic
expansions in combination with a finite difference
numerical scheme. The first-order correction to the
classical boundary-layer natural convection near a
vertical semi-infinite flat plate was extended to find
the first-order boundary layer that develops on the
inclined plate—the secondary boundary layer. How-
ever, the results in refs. [28, 29] do not refer to the
effect of the secondary boundary layer on the vertical
boundary layer and no discussion of the eigenvalues,
and the corresponding eigenfunctions, appear in the
boundary-layer expansions.

More recently, Ruiz and Sparrow [30] have per-
formed experiments for the free convection flow in
two types of corners, called V- and L-shaped corners,
whilst Kim and Kim [31] reported analytical and
numerical solutions for the flow along a vertical rec-
tangular corner for Prandtl numbers of 0.72 and 7.0
and the present authors have studied the convective
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NOMENCLATURE
ClL.CP'  skin friction coefficients X,y Cartesian coordinates
g acceleration due to gravity X, Y inner coordinates.
Gr Grashof number
Gr,,Gr, local Grashof numbers Greek symbols
k thermal conductivity i} coefficient of thermal expansion
L characteristic length 8,,A, A, gauge functions, i = 1,2.3
Nu, local Nusselt number 8 &y perturbation parameters
P pressure function n.4 similarity variables
q heat flux at vertical plate 0 angular coordinate
¥ polar radial coordinate A P eigenvalues
T temperature v kinematic viscosity
T, ambient temperature o density
T plate temperature o Prandtl number
u.v velocity components in x-, y- [t3 non-dimensional temperature
directions, respectively ¥ stream function.

flow in a corner delimited by a horizontal heated semi-
infinite plate and a second isothermal plate which is
inclined at an arbitrary angle [32].

It should be observed that the basic features of
an important class of heat transfer problems can be
studied by analysing the problem of natural con-
vection flow in a corner. Although many of these
applications require knowledge of the flow along
internal corners, which are formed by more com-
plicated shapes than those formed by two semi-infinite
planes with a horizontal leading edge, these idealized
situations do possess several features which are similar
to the more complex configurations. However, the
mutual interaction of the boundary-layer flows makes
even this idealized configuration rather difficult to
analyse.

The basic problem considered here is that of steady,
laminar incompressible natural convection flow in a
corner that is formed by the intersection of two semi-
infinite flat plates, one of which is vertical at $ > 0,
£> 0 and the other which is horizontal at £ =0,
7> 0. It is assumed that the vertical plate is heated
to a uniform flux gradient while the horizontal one is
thermally insulated. In any transverse plane, 7 = con-
stant, the flow is divided into the four distinct regions,
as shown in Fig. 1.

(a) Region I, a boundary-layer region near the wall
3=0,%>0.

(b) Region II, a boundary-layer region near the
wall X =0,y > 0.

(c) Region III, an outer region which is essentially
inviscid and isothermal.

(d) Region IV, a flow region near the corner called
the corner layer.

Regions I and 11 are the boundary layers in which the
two-dimensional boundary-layer equations are ap-
plicable whilst region IV is the region of overlap of
the two boundary layers.

In this paper we systematically investigate the prob-
lem of the mutual interaction of the boundary layers
in regions I and II arising from the outer flow region
and also the influence of the horizontal plate. It should
be pointed out that since the convective flow on the
vertical plate is under the influence of a horizontal
insulated plate, which is connected to the vertical plate
at the origin, the boundary-layer flow along the ver-
tical plate is directed away from the origin. The net
effect of this interaction is to draw the cold fluid along
the horizontal plate towards the origin and into the
hot boundary layer. In other words, the boundary
layer along the vertical plate induces a flow in the
outer region, which in turn induces the isothermal
boundary-layer flow along the horizontal plate. This
physical picture suggests that the corner layer may be
excluded from the analysis.

The governing equations consist of two coupled
partial differential equations, namely those of vor-
ticity and energy. The troublesome pressure field,
which is unknown a priori, is thus eliminated. As a
result the vorticity equation is one order higher than
the momentum equation. However, on integration
and using the matching conditions between the inner
and outer flows reduces the order by one. The outer
flow is shown to be isothermal and is therefore
governed by Laplace’s equation. This makes the solu-
tion of the outer flow field particularly simple. The
gauge functions in the asymptotic expansions are not
known a priori but rather are determined as the mat-
ching procedure continues. The resulting matching
problem is of the following form. First, the leading
terms in the boundary-layer region I are obtained
and these give, on using the matching procedure, the
asymptotic boundary conditions for the outer flow
region III. The solution in this region in turn gives
the conditions for the second-order boundary-layer
equations in regions I and 11. Subsequently solutions
of these boundary-layer equations produce conditions
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FiG. 1. Corner flow configuration and coordinate system.

for the outerflow region III. This procedure may then
proceed to further higher-order terms. Both analytical
and numerical solutions up to fourth-order terms have
been obtained and the flow and temperature functions
are presented graphically. The local heat transfer and
coefficients of skin friction have been calculated for
various Prandtl numbers and results are presented for
o = 0.72, which corresponds to air, and ¢ =1 and
6.7, which corresponds to water.

2. GOVERNING EQUATIONS

The mathematical formulation of the problem
assumes a steady, viscous and incompressible fluid
which obeys the Boussinesq approximation. We
assume that the vertical plate is uniformly heated to
a constant thermal gradient ¢, the horizontal plate is
insulated and the ambient temperature is T,. The
vorticity transport and energy equations in non-
dimensional form can be written as

WO WO N sy 15 0@
(6y6x axg)vw—(?r Vi +Gr 3 m
WO WO\ s 1o

<6ya_6x@>(p_Gr o VO 3]

see, e.g. Afzal [17]. The simplification consequent on

the use of these equations is the absence of the pressure -

from equation (1).
In terms of the usual polar coordinates (7, 6) defined
by
x=rcosf, y=rsinf 3

equations (1) and (2) are to be solved subject to the
following boundary conditions :

oy 100
.p_%_o, ;%——1 onf=0, 0<r<oo
@
oy O
¢_5_%-_0 onf=mn2, 0<r<oo (5
Yy=00), ®-0 asr—-ow, 0<0<n/2. (6)

In the above equations x and y are the (non-dimen-
sional) coordinates measuring distances from the
leading edge along the vertical and horizontal plates ;
¥ the stream function defined such that (u,v) =
(0y/dy, —oy/dx); @ the dimensionless temperature ;
o the Prandtl number and V? denotes the two-
dimensional Laplacian. The non-dimensional quan-
tities x, y, ¥ and @ are related to their dimensional
counterparts %, §,  and T by £ =xL, = yL, J =
vGr*®y and T—T, = (gL/k)®, where Gr = gfgL*
(kv?) is the Grashof number.

3. ANALYSIS

The asymptotic solution of the problem formulated
in Section 2 is studied for moderately large values of
Gr in the inner boundary-layer regions close to the
plates and in the outer region far from the plates.
Separate, locally valid expansions for the stream func-
tion and temperature in these regions are developed.
The outer region is defined for x and y fixed as Gr —
oo and the flow can be studied by assuming that
possesses in this region an asymptotic expansion of
the form

W = Gr— l/5['/71 (x’y) +(52(GV)I/72(X, y)
+53(Gr)z/73(x,y) +h.ot] (7)
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and
® is exponentially small (8)

where the first-order term in expansion (7) is
Jo(x,¥) = 0. Inlater matching requirements the gauge
functions 9,(Gr) and §,(Gr) will be found to be. as
given in equations (33) and (48)

o‘:(Gr) - Gr— I, !0, (33(G}’) — Gr— | i. (9)

Substitution from expansion (7) into equation (1)
and equating terms of the same order of magnitude
in Gr gives the equations for i, namely

Vi, =0, n=1223 (10)

Therefore, to fourth order at least, expansion (7) is
valid and the outer flow remains isothermal and irro-
tational, being governed by the Laplace equation (10).

We now propose to solve the problem sys-
tematically by putting together the inner and outer
asymptotic expansions,

3.1. First-order boundary layer in region I

Directing attention to the region adjacent to the
vertical plate. we take an asymptotic expansion for
the stream function ¢ and the temperature ® of the
form

W= Gr- YW olx, Y)Y+ Gr "3y, (x, V)

+ AL (G, (x, V) + A5 (G5 (x. V) +hot] (11)
D =Gr 3[@,(x. Y)+Gr 'S0, (x,Y)
+ AL G, (x, V) +A;(Gr)Dy(x, Y)Y +hot] (12)

in which x(> 0) and the inner variable Y(= Gr'*y)
are fixed as Gr — o0 ; the gauge functions A,(Gr) and
A4(Gr) are determined as in equations (36) and (51).

The equations for the leading terms ¥, and @, are
obtained by substituting equations (11) and (12) into
equations (1) and (2) and retaining the lowest-order
terms only. The vorticity equation is then integrated
once with respect to the variable Y and the resulting
arbitrary function of x set equal to zero due to the
matching condition with the first-order outer solution
Wo(x.y) = 0. The resulting equations then permit a
similarity solution of the form

Yo =X folm), @ = x"3h(n)

where (13)
n=Y/x"

and f,, and A4, are obtained from
Fo+4fole—3"+ho =0 (14)
o W+ foly— L fohy = 0 (15)

with the boundary conditions

fo(0) = [5(0) = A(0)+ 1 = f(00) = Ag(0) = 0.
(16)
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Here primes denote differentiation with respect to 7.
These equations are the usual boundary-layer equa-
tions for free convection along an unbounded vertical
semi-infinite flat plate with a uniform wall flux and
the solution can be found in refs. [10, 11].

In order to find further inner term solutions we
must match the inner and outer expansions, so we
proceed to determine a number of terms of both the
inner and outer expansions. The analytical process of
matching may be defined in a number of ways. but
most appropriate is to use it as described by equation
(5.24) from Van Dyke’s book [24]. namely : “The m-
term inner expansion of the (n-term outer expan-
sion) = the n-term outer expansion of the (m-term
inner expansion) for any pair of integers m, n.”

3.2. Second-order outer flow in region ITT

Let us first focus attention on the outer flow and
determine the boundary conditions for ¢ ,. Using the
above matching principle, along with the physical
boundary condition from equation (5), we obtain

Fir.0) = r fy(on)) ;
Gy =0. amn

Thus, the solution of equation (10) for |/7 ) subject to
conditions (17) is

45500 [340 - 7/2)]

(18)

1/71 =~ foloo)r

sin [in]

3.3. Second-order boundary layer in region I

The matching requirement between the inner and
outer longitudinal velocities now demands that the
second-order term in equation (11) satisfies

s (x o0) = — if,(0)cot 2a/S)x™ 10, (19)

We note from equation (19) that all second-order
outer streamlines enter the boundary layer 1 at an
angle 27/5 to the x-axis.

If we now introduce expansions (11) and (12) into

equations (1) and (2) and proceed as before we derive
equations for i, and @,. In these equations we write

V= fitm, @®, =x ' 5h1(’7) (20)

so that f| and A, satisfy
S+ =310 R =0 (21
o W+ L foh 3 oh = sho [ (22)

together with boundary conditions

£10) = f1(0) = By (0) = hy(o}) =0 } (23

i~ = Yolco)cot @S+ A, nlargef )
where 4, is an unknown constant. Again, these equa-
tions are identical to those for a uniform flux vertical

plate in an unbounded region but boundary con-
ditions (23) are different.
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3.4. Second-order boundary layer in region II

Since the outer solution (18) does not satisfy bound-
ary conditions (5), a boundary layer develops on the
horizontal plate. However, no thermal behaviour
exists on this plate since no thermal energy is trans-
mitted to outer region III from the thermal boundary
layer in region 1. This result is true for all higher-order
boundary-layer approximations of the inner region
IL.

Let the thickness of the boundary layer in region II
be A, (Gr) and it is such that it vanishes as Gr increases.
The appropriate stretching of the inner normal coor-
dinate X to this plate is then

X = x/A (Gr). (24)
Now, from equations (5), (7) and (24) we find that
¥ = 0(Gr~"*4,(Gr) 25)

and therefore we assume the following expansion for
the inner stream function of region II

¥ = Gr"P[B(Gr)Y (X, ») +A,(G»(X, y)
+A,(GNY5(X,y)+hot] (26)

where the gauge functions A ,(Gr), A,(Gr) and A;(Gr)
are found to be as given in equations (27), (42) and
(56). The matching condition is now that the y velocity
component at the edge of inner region II as X — o
approaches that in the outer region when x — 0 and
consequently we have

A,(Gr) = Gr V10 27
and
a'pl = . —1/5
W(oo,y) =dy (28)
in which

d; = $fo(c0)/sin (2/5).

The equation for i, is obtained by inserting expan-
sion (26) into equation (1) where @ = 0 and retaining
the lowest-order terms. This equation may be inte-
grated once with respect to X and the resulting arbi-
trary function of y determined by using the matching
condition (28). It can then be shown that

as‘pl i‘p—l aZl/;l -——% 02‘51 = —lziz - (29)
ox’ T ox syox oy ox: . %
In this equation we write
¥, = v fi(m
where (30)
7= X/y¥*
and the equation satisfied by £, is
=301 +3@ -7 =0 (31

with the boundary conditions

2171

fi@=F0)=0 }
(32)

fi~diq+A,, nlarge

where A, is an unknown constant. Here the primes
now signify differentiation with respect to 7.

It should be noted that with regard to the y-direc-
tion all the flow variables decay algebraically when #7
is large [33], whereas changes with respect to the x-
direction are exponentially small when n tends to
infinity. Further a generic streamline originates in the
boundary-layer region II following a line x = const. y**
atinfinity. Then it crosses the outer edge of the bound-
ary layer and enters the outer region along a line
x = const. y"°.

3.5. Third-order flow in region IIT

Turning now to the outer region and using again the
matching procedure that outer expansion (7) matches
inner expansions (11) and (26) in the overlapping
domain, where these expansions are valid, gives

52(Gr) = Gr V1o (33)
and
¥,(r,0) =0
Ga(r,m/2) = A,r%. (34)

Solving equation (10) for ¥, with boundary con-
ditions (34) we obtain

¥, = A,r¥*sin (26/5)/sin (n/5). (39)

This equation shows that the third-order outer
streamlines enter boundary layer I at an angle =/5 to
the x-axis.

3.6. Third-order boundary layer in region I
A further correction is needed in the inner flow
region I to take care of the modification of the velocity
at its boundary owing to the second-order outer flow.
In this respect the matching condition yields
A, (Gr) = Gr=¥1° (36)

and

Y2

37 (x, 00) = 24, x~**/sin (n/5). 37

On substitution of expansions (11) and (12) into equa-
tions (1) and (2) and collecting terms of equal order
in Gr~'1° gives the equations satisfied by i, and ®,.
The introduction of the similarity variables

Y =x"fon), ©,=x""hi(n)

reduces the third-order problem for inner layer I to
2’”+'§fo Z‘“%fltl) 2th, =0 (39
o7y + 4 foho+ fohy = thof5+ 32k, (40)

along with the boundary conditions

(38)
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£20) = £5(0) = Ky(0) = hiz(e0) = 0
o~ GA,fsin (8 +As. 7 Iarge} “h)

where A4, is an unknown constant.

3.7. Third-order boundary layer in region I1

The matching condition of the third-order inner
and outer velocities in the horizontal direction leads
to

AAGry = Gr™'* 42)

and
l/j (00 y)=dy (43)
where &, = — %4, cot (n/5). The third-order term in

inner expansion (26) of region II can now be deter-
mined from the third-order equation

PO, ) s o
8X*  0X éydX dy 0X? ' 90X dyoX
ofr, oM .
B 73% 5le = —ia,dy7"" (44)

on using conditions (28) and {(43). The solution of
equation (44) may be written as

U= f200) (45)
where 75 is given by
=N+ @ d - 17 =0 (46)
with boundary conditions
F2(0) = J5(0) =
fo~dfi+As, large} “7)

where 4, is an unknown constant.

3.8. Fourth-order outer flow in region 111

The fourth-order inner and outer terms may be
treated in a similar manner to those already described.
However, some extra care is required since the inner
equations involve non-zero normal velocities across
the free stream. Continuing the matching technique
of the inner and outer stream functions implies that

8:(Gr) = Gr'® (48)
and

Vi(r.0) = A4, } 4

G = A 9

The solution of equation (10) for if; which satisfies
conditions (49) is given by

D. B. IngHaM and 1. Pop

o~ 2 .
¢3=E[A2"A1}8+Ai‘ {50)
3.9. Fourth-order boundary layer in region I
Again, the matching procedure gives
A(Gr) = Gr—*° (50
and
|// 2 -
Sy (oM ~ | = (da—A) + Fnfow0) .
n large. (52)
Setting the similarity solution
Yi=x"f0), @ =x""h(n)  (53)

and referring to the findings of the preceding sections,
we obtain the following differential equations for f;
and A,:

VAR S VIVAS VIV TRV IS D

=35 (6fo—n*fO)—3fV ~ s2P+nP")
P =nfo~3f5+5snfof
+4nf5 — 481 fs (54)
o W+ fohs + 5 S ohs
= thof's+3hof5—3h, 1)
+ 4507 (dho —Anhy —n*Hy)
with boundary conditions
S3(0) = £3(0) = h3(0) = hy(c0) =0
fi~ 5 O(w)nz-bi—(lz-Ax)n—i—A}. nlarge » (55)

P~ — & fi(co)/sin* (2n/5), nlarge.

Here P is called the pressure function and it is intro-
duced in order to eliminate the pressure from the full
Navier-Stokes equation.

3.10. Fourth-order boundary layer in region 11
As before, if y is held fixed and X is allowed to be
large, we find that

Ay (Gry = Gr= " (56}
and
oy 1 -
% #y) ~d for 7 large (57)
where
iy = — % folc0)?/sin 2n/S)+ 5 A7
2
—=(d,—4). (58)
i

Now, if we let
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¥y =y 7[00
the following equation ensues for f;:
VAR AV AR VAT 2
= 7 +IQP+AP) — 5 (6] 1+ 3001 +97° 1)
P =i fifi~Sh i —if =41+ %Al
with boundary conditions
F0) = 750 =0 )
J's ~ s, nlarge
P ~ 145 f3(c0)ii? [sin® (2n/5)
~ 185 fo(00) 4, 7i/sin (27/5) L
2 A}
"~ 25 sin? (n/5)

(59

(60)
(61

(62)

+ %AO(JZ—AI)/sm 2n/5), #flarge.

4

4, EIGENSOLUTIONS

As in other related studies of higher-order bound-
ary-layer approximations we now investigate the
possibility on the existence of eigensolutions. We
therefore add

Y ® = C, Gr=O+4/5 x41=3IS ()
PP = C, Gr WIS xU=4IS Fp () (63)

into the inner boundary-layer expansions (11) and
(12) and

d,'(k) — C‘-k Gr~(3+1k)/10yz(l—Ik);sﬁk(ﬁ) (64)

to the inner boundary-layer expansion (26). Here A,
and 1 are the eigenvalues associated with the inner
boundary layers I and I, respectively, while C, and
C, are multiplicative constants being indeterminate,
in general. The differential equations for the functions
F, and H, coincide with those determined in refs. [10,
11} and are therefore not reproduced here. It was
found that the first value of /, is 4; = 5/4 and all other
values are greater than 2. Moreover, Mahajan and
Gebhart [11] and Wilks [34] have demonstrated that
the corresponding multiplicative constant to the first
eigenvalue is identically zero, i.e. C, = 0.
The equation satisfied by F, is

B =3[ Fi -3+ A [\ Fe =30 - A1) JiF. =0
(65)
and the boundary conditions are
F(0) = F(0) = Fi(0) = 0. (66)

A numerical inspection of these equations shows that
they do not possess a solution for any real i, > 0.
Accordingly, expansions (11), (12) and (26) are cor-
rect to O{Gr~¥°) and O(Gr~?), respectively.
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F1G. 2. The streamlines associated with the outer flow at
Gr=10" for (a) ¢ =0.72, (b) 0 =6.7.
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5. RESULTS AND DISCUSSION

The numerical results of the first-order perturbation
functions f; and A, have been obtained in ref. [10] for
the Prandtl numbers o ranging from 0.03 to 10 and in
ref. [11] for ¢ = 0.733 and 5.4. In this paper we have
obtained the numerical values of the higher order
perturbation functions (f,, fiand A, i = 1,2, 3) associ-
ated with the inner stream functions and temperature
for ¢ = 0.72 (air), 1 and 6.7 (water).

The fluid flow pattern outside the boundary layer
is shown in Fig. 2 for ¢ = 0.72 and 6.7 with Gr = 10'°.
Although these figures are similar it is seen, as
expected, that the lower the Prandtl number the larger
is the induced velocity in this region. The effects of
the horizontal wall is to make the streamlines enter
the vertical boundary layer such that they are convex
upwards whereas in the absence of this wall the
streamlines enter convex downwards. Similar flow
patterns exist for other Grashof numbers but it is
seen that even for Gr = 10" first-order corrections are
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F1G. 3. The velocity function distribution on the vertical plate for ¢ = 0.72.

substantially affecting the flow. Therefore, the leading
order solution is only appropriate at extremely large
Grashof numbers.
The velocity near the vertical plate, the horizontal
plate and temperature distribution, are given by
ure v = fom)+efi(m) A
+e2f5(m) +el fi(m +hot.
—dfe,/v = Fi(7) +e, 7o)
J5(7) +h.o.t.
+&,]5(D +h.o L@

and
(T—To)k/(gXe.) = ho(n)
+echy () + & 2ha(n)
+e2hs(n) +hoo.t. J

respectively. Here ¢, and ¢, are the small parameters
&, = Gr7'® and ¢, = Gr; V* with Gr, = gPgx*/(kv?)
and Gr, = gPgp*/(kv?) denoting the Grashof numbers
relative to the lengths % and #, respectively. The
velocity and temperature profiles associated with
expressions (67), i.e. the functions f; (i = 0,1,2,3). A,

s
Lo 2.0

> s
P S W - Wm—— )
n

F1G. 4. The temperature function distribution on the vertical
plate for ¢ = 0.72.

(i=0,1,2,3) and f; (i = 1,2,3) are plotted in Figs.
3-8.

It is observed that neglecting the second-order
boundary-layer solution on the vertical plate will
result in (i) an overestimation of the fluid velocity in
the boundary layer except very close to the wall for the
Prandt! number of 0.72 and (ii) an underestimation of
the temperature profile in the boundary layer.

Having determined the velocity components and
temperature fields we can evaluate the local Nusselt
number and the skin friction coefficients at the plate
as

X
Nu, = gt (68)
and

Ci= (Lz/pvz)@;)ﬁ:J

C = (Lz/pvz)(g;l;lto- (69)
e b 3?,2
L2 |
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F1G. 5. The velocity function distribution on the horizontal
plate for ¢ = 0.72.
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After a little algebra, we obtain

Nux =1 hl(o) 3/2 hZ(O)

Nuxo

TR0 T o)

h3(0)

ho(0)

h3(0)

h%(t»)

= 1-0.0803¢, —0.6640c>*
—1.4257¢2..., =0.72

= 1—0.0684¢, —0.5754¢?
—~1.2164¢2..., 6=10

= 1-0.0320¢, —0.3913¢32
—0.60172..., c=6.7 ]

(M)

and

Ci S10)
Eg = 1+e,

(220 Hzf'é(o)
fo(@) 7 f500) T £5(0)
= 140.0344¢, —0.2793¢¥>
+0.8906e24 ..., =072
= 140.0227¢, +0.2023¢32
+0.6762e24 ..., a=10
= 1-0.00612¢, +0.01182%2
+0.0765¢2+ ..., 0=6.7 )
7500) 5(0)
OB AORE
=140.5873¢)/2~2.3070¢e,+ ---, ¢ = 0.72
= 140.6072¢)/2—2.6605¢,+ -+, & = 1.0
= 140915262 ~3.7832¢,+ -+, 0= 6.7

where the suffix ‘0’ refers to the zeroth-order bound-
ary-layer results.

From expression (71) it is seen that the zero-order
boundary layer underpredicts the local Nusselt num-

(72)

(73)

CII
&g

+ (74)

(75)

FiG. 7. The temperature function distribution on the vertical

plate for o = 6.7.
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Fi1G. 8. The velocity function distribution on the horizontal
plate for o = 6.7.
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ber at all orders of the approximations made and
Prandtl numbers considered. This is in direct contrast
to the situation that occurs without the presence of
the horizontal plate, see Mahajan and Gebhart {11].
However, this result is not unexpected because the
presence of the horizontal plate has a profound effect
on the induced flow away from the solid boundaries
as we observed earlier.

The effects of the higher-order approximations on
the skin friction coefficient on the vertical plate, see
equation (73), are observed to be dependent on the
value of the Prandtl number. On further investigation
it is found that if ¢ < (=) 3.055 the first-order bound-
ary-layer correction underestimates (overestimates)
the zero-order boundary-layer solution. It should be
noted that in the absence of the horizontal plate
Mahajan and Gebhart [11] solved this problem but
there is a sign error in their Table 1 in which f{(0)
should take the positive value 0.006691. If this
correction is made then their results again give the
opposite tendencies to those of the present work for
the reasons already given.

The leading order correction to the boundary-layer
solution on the horizontal wall increases the skin fric-
tion whilst the next order correction decreases it for
all the Prandtl numbers we considered.

In conclusion it is observed that even at local Gras-
hof numbers of O(10'%) higher-order approximations
are beginning to have an appreciable effect on the flow
characteristics and hence the classical boundary-layer
solution may only be used with confidence at
extremely large Grashof numbers. Further the leading
order correction term to the vertical boundary-layer
solution has precisely the opposite effect to that
observed without the presence of the horizontal
boundary. In order to obtain higher-order corrections
it has been shown that it is necessary to include the
interaction between the two boundary-layer flows
which takes place by inertia effects through the outer
region, which is both inviscid and isothermal.
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CONVECTION NATURELLE DANS UN COIN A ANGLE DROIT: ANALYSE D’'ORDRE
ELEVE

Résumé—On présente des effets de couche limite d’ordre élevé pour la convection naturelle dans un coin
a angle droit formé par une plaque verticale semi-infinie, 4 flux thermique constant, et une plaque
horizontale semi-infinie isolée thermiquement. En utilisant la méthode de développement asymptotique la
solution est obtenue jusqu’a 'ordre quatre. On étudie pour la premiére fois I'interaction des deux écou-
lements de couche limite 4 travers la région externe non visqueuse. On a considéré les valeurs propres et
leurs fonctions propres associées aux développements internes et on a trouvé que leur contribution est
identiquement nulle jusqu’a la correction d’ordre quatre. Des résultats numériques sont obtenus pour des
nombres de Prandtl de 0,72 (air), 1 et 6,7 (eau) et on présente I’écoulement dans la région externe ainsi que
les profils de vitesse et de température dans les couches limites. La variation du nombre de Nusselt local
et des coefficients de frottement pariétal est présentée en fonction du nombre de Grashof local. On trouve
que la présence du plan horizontal a un effet trés marqué sur les approximations d’ordre élevé dans la
couche limite verticale et dans la région externe.

NATURLICHE KONVEKTION IN EINER RECHTWINKLIGEN ECKE: ANALYSE
HOHERER ORDNUNG

Zusammenfassung—In dieser Arbeit werden die Grenzschichteffekte héherer Ordnung fiir eine natiir-
liche Konvektionsstromung in einer rechtwinkligen Ecke beschrieben. Diese Ecke wird von einer halb-
unendlichen vertikalen Platte, der ein einheitlicher Warmestrom aufgeprégt ist, und einer halbunendlichen
horizontalen Platte, die wirmegeddmmt ist, gebildet. Unter Benutzung der Methode der asymptotischen
angepaliten Entwicklungen ergibt sich die Losung bis zu einer Entwicklung der vierten Ordnung. Hier
wurde zum ersten Mal das Zusammenspiel zwischen den beiden Grenzschichtstromungen untersucht, die
durch die duPere reibungsfreie Region bedingt sind. Die Eigenwerte und ihre entsprechenden Eigen-
funktionen, die iiber die innere Entwicklung zugeordnet sind, werden aufgesucht, und es ergibt sich, daB
ihr Beitrag bis zu einer Korrektur vierter Ordnung genau null ist. Fiir Prandtl-Zahlen von 0,72 (Luft) sowie
1 und 6,7 (Wasser) erhélt man numerische Lésungen, und es werden die Stromung in der duBeren Region
sowie die Geschwindigkeits- und Temperaturprofile in den Grenzschichten dargestellt. AuBlerdem werden
Variationen der lokalen Nusselt-Zah! und der Reibungsbeiwerte der Platten als Funktion der lokalen
Grashof-Zahl aufgezeigt. Es ergibt sich, daf} die Prisenz der horizontalen Platten einen sehr wesentlichen
Effekt auf die Ndherungsloésungen héherer Ordnung in der vertikalen Grenzschicht und der 4uBeren Region
hat.

ECTECTBEHHAA KOHBEKLIMA BBJIU3H TPAMOI'O VI'JIA: AHAJIU3 BEJIUYUH
BBICIIEI'O ITOPAOKA

Ammoramms—Hccienyiorcs 3b¢exTH BHCINEro NOpAAKa B IOTPAHAYHBIX CIOAX PH ECTECTBEHHOKOHBEK-
THBHOM TE4CHHH BOJH3H mpsiMoro yrna, o6pasosaHHOro nomybeckoHe HpMA NiacTEHAMA. BepTaxams-
Hafd IUIaCTHHA HATPEBAaCTCS pPaBHOMEPHO, TOPH3OHTaJbHas—TEIUIOH3ONHpOoBAHA. Mertoaom
CPAILIABAEMBIX ACHMITOTHYCCKHX PAINOXCHHH IOJNYYEHO DPEIICHHE OO BEJIMYHH YETBEPTOTO MOPAIKA.
Brnepsrie BOCNIENOBAHO B3AHMOJCHCTBAC NBYX TeeHHI B NOTrPaHMYHLIX CJOSX BO BHEIIHeH HEBN3KOMH
obnacta. HalineHn coGCTBCHHBIC 3HAYCHHS H COOTBETCTBYIOINME MM COGCTBeHHBIE (yHKIHH PAa3OXe-
mu#f ang BEyTpeHHeli o6nacTa. OGHapyXeHO, YTO HX BKJAJ B NOMPABKY YETBEPTOTO NMOPAIKA TOXKICCT-
BEHHO paseH HYmMo. IToTyYeHK YHCNEHALIE pe3yIbTATH ANd Kicaa [Ipanaras, pasroro 0,72 (Bo3ayx), 1
u 6,7 (Bona) mpH TedeHWM BO BHeuIHel 06nacTH, W MpHBENCHE! NPOQMIM TEMNEPATYPH H CXOPOCTH B
norpaEHdELIx crosix. IIpeAcTanieHnl Taxxe 3aBHCHMOCTH JoKaubHOro uyucna Hyccensta m koaddm-
IHEHTAa [OBEPXHOCTHOrO TPEHHN HA mwiacTHHaXx or uucna I'pacroga. IMoxasano, 9To ropH3oHTANBHAS
IUTACTHHA OKAa3HIBAET CYIIECTBEHHOE BIMAHAE HAa NPHOIMAKECHHA BHICIIErO NOPA/KA B BEPTHKAILHOM IIOT-
PaHHYHOM CJI0€ ¥ BO BHellIHeit o6macty,



