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Abstract-Higher-order boundary-layer effects for natural convection flow in a right-angle corner formed 
by a semi-infinite vertical plate, which is prescribed with a uniform heat flux, and a semi-infinite horizontal 
plate, which is thermally insulated, is presented. Using the method of asymptotic matched expansions the 
solution is obtained up to the fourth-order expansion. For the first time the interplay between the two 
boundary-layer flows, which takes place through the outer inviscid region, has been investigated. Eigen- 
values and their corresponding eigenfunctions which are associated with the inner expansions have been 
sought and it has been found that their contribution up to fourth-order correction is identically zero. 
Numerical results have been obtained for Prandtl numbers of 0.72 (air), 1 and 6.7 (water) and the flow in 
the outer region and the velocity and temperature profiles in the boundary layers are presented. Also the 
variation of the local Nusselt number and skin friction coefficients on the plates are presented as functions 
of the local Grashof numbers. It is found that the presence of the horizontal plate has quite a substantial 

effect on the higher-order approximations in the vertical boundary layer and the outer region. 

1. INTRODUCTION 

ONE OF the most active areas of research in theoretical 
convection heat transfer is to determine higher-order 
boundary-layer approximations in a viscous incom- 
pressible fluid for some flow configurations. Previous 
investigations of natural convection at finite Grashof 
numbers consists notably of refs. [l-14] for vertical, 
horizontal and inclined flat plates. Higher-order 
approximations for the problem of free and mixed 
convection flow arising from a wall plume and a hori- 
zontal line thermal source of heat have also been 
obtained in refs. [15-191. For other geometries we 
may refer to refs. [20, 211. On the other hand, recent 
interest in the flow through a porous medium has led 
to a large number of papers dealing with higher-order 
effects for the Darcian free and mixed convection 
boundary-layer flow adjacent to a solid surface that 
is embedded in a fluid-saturated porous medium. 
Comprehensive reviews of the literature in this area 
have recently been made in refs. [22, 231. 

The approach used in all these contributions is 
based on the method of matched asymptotic expan- 
sions as described by Van Dyke [24] and Martynenko 
et al. [25]. This concept, which has been successfully 
applied to a wide variety of singular-perturbation 
problems in fluid mechanics, prescribes a precise mat- 
ching scheme in order to completely specify the boun- 
dary-layer motion to any desired order. 

The problem of higher-order buoyancy-induced 

fluid effects in a corner has received relatively little 
attention. The first analytical approach to this 
problem, which uses matched asymptotic expansions, 
is that of Riley and Poots [26] who analysed natural 
convection flow due to a heated right-angle corner 
formed by the intersection of two semi-infinite vertical 
plates. More recently, several authors [25,27-291 have 
showed interest in the problem of natural convection 
in a corner that is formed by a vertical, heated plate 
which intersects at an arbitrary angle with another 
unheated plate. Luchini et al. [28,29] formulated this 
problem using the method of matched asymptotic 
expansions in combination with a finite difference 
numerical scheme. The first-order correction to the 
classical boundary-layer natural convection near a 
vertical semi-infinite flat plate was extended to find 
the first-order boundary layer that develops on the 
inclined plate-the secondary boundary layer. How- 
ever, the results in refs. [28, 291 do not refer to the 
effect of the secondary boundary layer on the vertical 
boundary layer and no discussion of the eigenvalues, 
and the corresponding eigenfunctions, appear in the 
boundary-layer expansions. 

More recently, Ruiz and Sparrow [30] have per- 
formed experiments for the free convection flow in 
two types of corners, called V- and L-shaped comers, 
whilst Kim and Kim [31] reported analytical and 
numerical solutions for the flow along a vertical rec- 
tangular corner for Prandtl numbers of 0.72 and 7.0 
and the present authors have studied the convective 
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NOMENCLATURE 

c:, c; skin friction coefficients “,Y Cartesian coordinates 

9 acceleration due to gravity x, y inner coordinates. 
Gr Grashof number 
Gr,, Gr,. local Grashof numbers Greek symbols 
k thermal conductivity P coefficient of thermal expansion 
L characteristic length 6,, A,, & gauge functions, i = 1,2,3 
% local Nusselt number e,, e, perturbation parameters 
P pressure function ?.?i similarity variables 

4 heat flux at vertical plate 0 angular coordinate 
1 polar radial coordinate i,,, & eigenvalues 
T temperature V kinematic viscosity 

T, ambient temperature P density 

TW plate temperature (r Prandtl number 
Il. 1’ velocity components in x-. y- @ non-dimensional temperature 

directions, respectively * stream function. 

- 

flow in a corner delimited by a horizontal heated semi- 
infinite plate and a second isothermal plate which is 
inclined at an arbitrary angle [32]. 

It should be observed that the basic features of 
an important class of heat transfer problems can be 
studied by analysing the problem of natural con- 
vection flow in a corner. Although many of these 
applications require knowledge of the flow along 
internal corners, which are formed by more com- 
plicated shapes than those formed by two semi-infinite 
planes with a horizontal leading edge, these idealized 
situations do possess several features which are similar 
to the more complex configurations. However, the 
mutual interaction of the boundary-layer flows makes 
even this idealized configuration rather difficult to 
analyse. 

The basic problem considered here is that of steady, 
laminar incompressible natural convection flow in a 
corner that is formed by the intersection of two semi- 
infinite flat plates, one of which is vertical at j > 0, 
9 > 0 and the other which is horizontal at 2 = 0, 
j > 0. It is assumed that the vertical plate is heated 
to a uniform flux gradient while the horizontal one is 
thermally insulated. In any transverse plane, i = con- 
stant, the Row is divided into the four distinct regions, 
as shown in Fig. 1. 

(a) Region 1, a boundary-layer region near the wall 
9 = 0, i > 0. 

(b) Region II, a boundary-layer region near the 
wall .? = 0, j z 0. 

(c) Region III, an outer region which is essentially 
inviscid and isothermal. 

(d) Region IV, a flow region near the corner called 
the corner layer. 

Regions I and II are the boundary layers in which the 
two-dimensional boundary-layer equations are ap- 
plicable whilst region IV is the region of overlap of 
the two boundary layers. 

In this paper we systematically investigate the prob- 
lem of the mutual interaction of the boundary layers 
in regions I and II arising from the outer flow region 
and also the influence of the horizontal plate. It should 
be pointed out that since the convective flow on the 
vertical plate is under the influence of a horizontal 
insulated plate, which is connected to the vertical plate 
at the origin, the boundary-layer flow along the ver- 
tical plate is directed away from the origin. The net 
effect of this interaction is to draw the cold fluid along 
the horizontal plate towards the origin and into the 
hot boundary layer. In other words, the boundary 
layer along the vertical plate induces a flow in the 
outer region, which in turn induces the isothermal 
boundary-layer flow along the horizontal plate. This 
physical picture suggests that the corner layer may be 
excluded from the analysis. 

The governing equations consist of two coupled 
partial differential equations, namely those of vor- 
ticity and energy. The troublesome pressure field, 
which is unknown a priori, is thus eliminated. As a 
result the vorticity equation is one order higher than 
the momentum equation. However, on integration 
and using the matching conditions between the inner 
and outer flows reduces the order by one. The outer 
flow is shown to be isothermal and is therefore 
governed by Laplace’s equation. This makes the solu- 
tion of the outer flow field particularly simple. The 
gauge functions in the asymptotic expansions are not 
known a priori but rather are determined as the mat- 
ching procedure continues. The resulting matching 
problem is of the following form. First, the leading 
terms in the boundary-layer region I are obtained 
and these give, on using the matching procedure, the 
asymptotic boundary conditions for the outer flow 

region III. The solution in this region in turn gives 
the conditions for the second-order boundary-layer 
equations in regions I and II. Subsequently solutions 
of these boundary-layer equations produce conditions 
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ACCELERATION 

INSULATED PLATE I 

FIG. 1. Corner flow configuration and coordinate system. 

for the outerhow region III. This procedure may then 
proceed to further higher-order terms. Both analytical 
and numerical solutions up to fourth-order terms have 
been obtained and the flow and temperature functions 
are presented graphically. The local heat transfer and 
coefficients of skin friction have been calculated for 
various Prandtl numbers and results are presented for 
o = 0.72, which corresponds to air, and u = 1 and 
6.7, which corresponds to water. 

2. GOVERNING EQUATIONS 

The mathematical formulation of the problem 
assumes a steady, viscous and incompressible fluid 
which obeys the Boussinesq approximation. We 
assume that the vertical plate is uniformly heated to 
a constant thermal gradient q, the horizontal plate is 
insulated and the ambient temperature is i”,. The 
vorticity transport and energy equations in non- 
dimensional form can be written as 

see, e.g. Afzal [ 17J. The simplification consequent on 
the use of these equations is the absence of the pressure 
from equation (1). 

In terms of the usual polar coordinates (r, 6) defined 

by 

x = rcos0, y = rsin8 (3) 

equations (1) and (2) are to be solved subject to the 
following boundary conditions : 
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a* 1 acD 
$=%=O, ;%=-I ontY=O, O<r<co 

(4) 

* =g=?$=O one= 7~12, 0~ r c 03 (5) 

$ = O(r), Q-+0 as r -+ co, 0 < 6 < n/2. (6) 

In the above equations x and y are the (non-dimen- 
sional) coordinates measuring distances from the 
leading edge along the vertical and horizontal plates ; 
+ the stream function defined such that (u,u) = 
(a$/ay, -&+/ax) ; CD the dimensionless temperature ; 
u the Prandtl number and V2 denotes the two- 
dimensional Laplacian. The non-dimensional quan- 
tities x, y, I/I and Cp are related to their dimensional 
counterparts 2,$, $ and p by Z? = XL, 9 = yL, $ = 
v Gr2/5 $ and T-T,, = (qL/k)@, where Gr = gj?qL4/ 
(ICY’) is the Grashof number. 

3. ANALYSIS 

The asymptotic solution of the problem formulated 
in Section 2 is studied for moderately large values of 
Gr in the inner boundary-layer regions close to the 
plates and in the outer region far from the plates. 
Separate, locally valid expansions for the stream func- 
tion and temperature in these regions are developed. 
The outer region is defined for x and y fixed as Gr --f 
co and the flow can be studied by assuming that I,$ 

possesses in this region an asymptotic expansion of 
the form 

ti = Gr-“5[~,(x,y)+62(Gr)~2(x,y) 

+i&(Gr)$,(x, y) + h.o.t.1 (7) 
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and 

CD is exponentially small (8) 

where the lust-order term in expansion (7) is 
$,(x, y) = 0. In later matching requirements the gauge 
functions fi?(Gr) and c?~(GY) will be found to be. as 
given in equations (33) and (48) 

S,(Gr) = Gr ’ “I, J,(Gr) = Gr- ’ ‘. (9) 

Substitution from expansion (7) into equation (1) 

and equating terms of the same order of magnitude 
in Gr gives the equations for q,t. namely 

V++JM = 0, ?I = 1,2,3. (10) 

Therefore, to fourth order at least, expansion (7) is 
valid and the outer flow remains isothermal and irro- 
tational, being governed by the Laplace equation (10). 

We now propose to solve the problem sys- 
tematically by putting together the inner and outer 
asymptotic expansions. 

3.1. First-order boundary luger in region I 
Directing attention to the region adjacent to the 

vertical plate. we take an asymptotic expansion for 
the stream function II, and the temperature CD of the 
form 

$ = Gr- ‘i”[$,(.x, Y) + Gr-- ‘I ’ $I, (x, Y) 

+A,(Gr)$,(x. Y)+A,(Gr)$,(x. Y)+h.o.t.] (11) 

@ = Gr- “5[@‘o(x. Y) + Gr “’ a,, (x, Y) 

+A?(Gr)@?(s. Y)+A,(Gr)@,(x, Y)+h.o.t.] (12) 

in which X( > 0) and the inner variable Y( = Gr’ ‘1’) 
are fixed as Gr -+ x! ; the gauge functions A,(Gr) and 
A3(Gr) are determined as in equations (36) and (51). 

The equations for the leading terms $,, and Q0 are 
obtained by substituting equations (11) and (12) into 
equations (1) and (2) and retaining the lowest-order 
terms only. The vorticity equation is then integrated 
once with respect to the variable Y and the resulting 
arbitrary function of x set equal to zero due to the 
matching condition with the first-order outer solution 
$,,(x.J) = 0. The resulting equations then permit a 
similarity solution of the form 

$0 = .~“5f”(ll), @” = X’ 5h&?) 

where 

I 

(13) 

II = Y/.x”’ 

and f0 and h, are obtained from 

.f;;+JfO,f’S- $,j”?_th” = 0 (14) 

CC ‘II’E, + $J”& - ;f;rz, = 0 (15) 

with the boundary conditions 

fo(0) = fb(0) = h;(O)+ 1 = &(m) = h,(m) = 0. 

(16) 

Here primes denote differentiation with respect to n. 
These equations are the usual boundary-layer equa- 
tions for free convection along an unbounded vertical 
semi-infinite flat plate with a uniform wall flux and 
the solution can be found in refs. [IO. 111. 

In order to find further inner term solutions we 
must match the inner and outer expansions, so we 
proceed to determine a number of terms of both the 
inner and outer expansions. The analytical process of 
matching may be defined in a number of ways, but 
most appropriate is to use it as described by equation 
(5.24) from Van Dyke’s book [24]. namely : “The fiz- 
term inner expansion of the (n-term outer expan- 
sion) = the /z-term outer expansion of the (nr-term 
inner expansion) for any pair of integers I~I, or.‘. 

3.2. Second-order outerjlow in region III 
Let us first focus attention on the outer flow and 

determine the boundary conditions for $,. Using the 
above matching principle, along with the physical 
boundary condition from equation (5), we obtain 

$,(r.O) = r”‘,/;(sm)‘/ 

6, (r, 7c/3) = 0. f 
(17) 

Thus, the solution of equation (10) for $, subject to 
conditions (17) is 

3.3. Second-order boundary layer in region I 
The matching requirement between the inner and 

outer longitudinal velocities now demands that the 
second-order term in equation ( 11) satisfies 

(‘*I 
AmY, (X, oc) = - :,f”(.xl)cot (2rr/5).X~ “5, (19) 

We note from equation (19) that all second-order 
outer streamlines enter the boundary layer I at an 
angle 2x15 to the x-axis. 

If WC now introduce expansions (11) and (12) into 
equations (1) and (2) and proceed as before we derive 
equations for $, and cb,. In these equations we write 

so that .f’, and h, satisfy 

together with boundary conditions 

f,(O) = “r,(O) = h’,(O) = h,(K’) = 0 

.f’, - - !f0(oo)cot(2n/5)y+A,. 4 large 
(23) 

where A, is an unknown constant. Again, these equa- 
tions are identical to those for a uniform flux vertical 
plate in an unbounded region but boundary con- 
ditions (23) are different. 
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3.4. Second-order boundary layer in region II 
Since the outer solution (18) does not satisfy bound- 

ary conditions (5), a boundary layer develops on the 
horizontal plate. However, no thermal behaviour 
exists on this plate since no thermal energy is trans- 
mitted to outer region III from the thermal boundary 
layer in region I. This result is true for all higher-order 
boundary-layer approximations of the inner region 
II. 

Let the thickness of the boundary layer in region II 
be A ,(Gr) and it is such that it vanishes as Gr increases. 
The appropriate stretching of the inner normal coor- 
dinate X to this plate is then 

X = x/il,(Gr). (24) 

Now, from equations (5), (7) and (24) we find that 

$ = O(Gr-‘Is A,( (25) 

and therefore we assume the following expansion for 
the inner stream function of region II 

ti = Gr-“5[~,(Gr)lG,(X,y)+ilz(Gr)~z(X,y) 

+~J(Gr)~3(X,y)+h.o.t.l (26) 

where the gauge functions &,(Gr), &(Gr) and &(Gr) 
are found to be as given in equations (27), (42) and 
(56). The matching condition is now that they velocity 
component at the edge of inner region II as X-+ co 
approaches that in the outer region when x + 0 and 
consequently we have 

B,(Gr) = Gr-‘/‘O (27) 

and 

f$x3,y) = os,y-“5 (28) 

in which 

07, = jfo(co)/sin (2x/5). 

The equation for $, is obtained by inserting expan- 
sion (26) into equation (1) where Q, = 0 and retaining 
the lowest-order terms. This equation may be inte- 
grated once with respect to X and the resulting arbi- 
trary function of y determined by using the matching 
condition (28). It can then be shown that 

a% a+, a% a+, a% __-_ 
ax3 +ZFayax 

1-2 -7,s ---y= --ja,y . ay ax (29) 

In this equation we write 

where 

and the equation satisfied by Tr is 

~~-:~,fl++:(o7:-~;2) = 0 

with the boundary conditions 

(31) 

31(O) = J”,(O) = 0 
3, - ii,fi-A,, q large 

(32) 

where 2, is an unknown constant. Here the primes 
now signify differentiation with respect to f. 

It should be noted that with regard to the y-direc- 
tion all the flow variables decay algebraically when f 
is large [33], whereas changes with respect to the x- 
direction are exponentially small when r] tends to 
infinity. Further a generic streamline originates in the 
boundary-layer region II following a line x = const. y2” 
at infinity. Then it crosses the outer edge of the bound- 
ary layer and enters the outer region along a line 
x = const. y”‘. 

3.5. Third-order flow in region ZIZ 
Turning now to the outer region and using again the 

matching procedure that outer expansion (7) matches 
inner expansions (11) and (26) in the overlapping 
domain, where these expansions are valid, gives 

6,(Gr) = Gr- “‘O (33) 

and 

J,(r, 0) = 0 

p,(r, n/2) = R,rZis. 1 
(34) 

Solving equation (10) for G2 with boundary con- 
ditions (34) we obtain 

rJ2 = _.J,r’/’ sin (20/5)/sin (s/5). (35) 

This equation shows that the third-order outer 
streamlines enter boundary layer I at an angle x/5 to 
the x-axis. 

3.6. Third-order boundary layer in region I 
A further correction is needed in the inner flow 

region I to take care of the modification of the velocity 
at its boundary owing to the second-order outer flow. 
In this respect the matching condition yields 

A,(Gr) = Gre3”’ (36) 

and 

g (x, co) = $A,x-3/5/sin (n/5). (37) 

On substitution of expansions (11) and (12) into equa- 
tions (1) and (2) and collecting terms of equal order 
in Gr- i/lo gives the equations satisfied by $2 and Q2. 
The introduction of the similarity variables 

$2 = ~-~'~fz(q), @2 =x- ‘h&j9 (38) 

reduces the third-order problem for inner layer I to 

f;” + ‘j”fof’; - 3f’;f2 + h2 = 0 (3% 

Q- ‘h’; + :foKo +Yohz = :h,f; + :f2h’o (40) 

along with the boundary conditions 
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.fi(O) = f;(O) = h>(O) = h,(co) = 0 

f2 - (~~,/sin(~/5))~+~~, n large 

where A 2 is an unknown constant. 

3.7. Third-order buundffry iayer in region II 
The matching condition of the third-order inner 

and outer velocities in the horizontal direction leads 
to 

and 

A2(Gr) = Gr- I” (42) 

(43) 

where 8, = - zn, cot (r/5). The third-order term in 
inner expansion (26) of region II can now be deter- 
mined from the third-order equation 

on using conditions (28) and (43). The solution of 
equation (44) may be written as 

$1 = .T;(ll) (45) 

where ft is given by 

.f;-~f,~~+~(~,a?-~‘,fi) = 0 

with boundary conditions 

(46) 

where AZ is an unknown constant. 

3.8, Fourth-order outer jiow in region III 
The fourth-order inner and outer terms may be 

treated in a similar manner to those already described. 
However, some extra care is required since the inner 
equations involve non-zero normal velocities across 
the free stream. Continuing the matching technique 
of the inner and outer stream functions implies that 

&,(Gr) = Gr- Ii’ (48) 

and 

$?(r,O) = A, 

-1 flf,(r,x/Z) = AZ. (49) 

The solution of equation (10) for $, which satisfies 
conditions (49) is given by 

l,F3 = &&‘i,]t3+A,. (50) 

3.9. Fourth-order boundary layer in region 1 
Again, the matching procedure gives 

A3(Gp) = Gr- 2i5 (51, 

and 

pl Iarge. (52) 

Setting the similarity solution 

$3 = .~-~‘~f,(q), O3 = x-“‘h3(q) (53) 

and referring to the findings of the preceding sections, 
we obtain the following differential equations for fi 
and h,: 

= & (6.f6 -q’f5) - ;f;2 - :(2P+r/P’) 

P’= +qf~-jf;+&?/j-of'; 

+istfzb?+ffofi 

G- 'h'; +$h; + <fbh3 

zz f h,f’: + +h,f; - $h ,.f‘; 

+ &i~-‘(4h,-4yh6-y%‘;) 

with boundary conditions 

(54) 

f3(0) = f;(O) = h;(O) = h3(m) = 0 

x? - 
2 - 

~Jb(m)r2+n(A2-AI)~+Ai~ vlarge 

: 

(55) 

P- - & Sz(oo)/sin’ (2n/5), q large. 

Here P is called the pressure function and it is intro- 
duced in order to eliminate the pressure from the full 
Navier-Stokes equation. 

3.10. Fourth-order boundary layer in region Ii 
As before, if y is held fixed and X is allowed to be 

large, we find that 

&(Gr) = Gr-“‘O (56) 

and 

a+, - 2F(q,y) - d,y- ’ for @ large (57) 

ol, = -~fo(co)r?‘/sin(2n/5)+-fLsB,rl 

-$,-A,). (58) 

Now, if we let 
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$3 = Y- 2~533(@ (59) 

the following equation ensues for J; : 

f’;-:sJ-v,yl;+:_m 

= :J”$+j(2ij+ijP’)-& (67, +30&?‘; i-S#‘fi) (60) 

P’= I”j~3,J’;-~3,~,-_:iii”;‘-j~~++8~~ (61) 

with boundary conditions 

J;(O) = 3m = 0 
f; h ij, r] large 

P w & ~~(~)~‘/sin’ (27c/5) 

- 8% fo(co)A1l?/sin (27-0 

2 Al; 

I 

(62) 

-25siZ@5) 

+ ~A,(d,-A,)/sin(2n/5), $arge. 

4. EIGENSOLUTIONS 

As in other related studies of higher-order bound- 
ary-layer approximations we now investigate the 
possibiIity on the existence of eigensolutions. We 
therefore add 

into the inner boundary-layer expansions (11) and 
(12) and 

J;‘“’ = c, Gr-f3+~*,,iloy2f1-~~)/5~~(~) 
(W 

to the inner boundary-layer expansion (26). Here & 
and & are the eigenvalues associated with the inner 
boundary layers I and II, respectively, while Ck and 
ck are multiplicative constants being indeterminate, 
in general. The differential equations for the functions 
Fk and Hk coincide with those determined in refs. [lo, 
1 l] and are therefore not reproduced here. It was 
found that the first value of & is 1 I = 514 and all other 
values are greater than 2. Moreover, Mahajan and 
Gebhart [l I] and Wilks [34] have demonstrated that 
the corresponding multiplicative constant to the first 
eigenvalue is identically zero, i.e. C, = 0. 

The equation satisfied by & is 

~~-aj;~~-~(l+~k)~,;F;-5(1-~k)~Fk =o 

(65) 

and the boundary conditions are 

f’,(O) = F;(o) = &co) = 0. (66) 

A numerical inspection of these equations shows that 
they do not possess a solution for any real Ik > 0. 
Accordingly, expansions (1 l), (12) and (26) are cor- 
rect to U(Gr-‘Is) and O(Gr-“3, respectively. 
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FIG. 2. The streamlines associated with the outer flow at 
Gr = 10” for (a) (r = 0.72, (b) u = 6.7. ---------, one 
term;-----, two terms; , three terms. 

6. RESULTS AND DISCUSSION 

The numerical results of the first-order perturbation 
functions f0 and ho have been obtained in ref. [IO] for 
the Prandtl numbers u ranging from 0.03 to 10 and in 
ref. [l I] for Q = 0.733 and 5.4. In this paper we have 
obtained the numerical values of the higher order 
perturbation functions (fi, i: and hi, i = 1,2,3) associ- 
ated with the inner stream functions and temperature 
for CJ = 0.72 (air), I and 6.7 (water). 

The fluid flow pattern outside the boundary layer 
is shown in Fig. 2 for (T = 0.72 and 6.7 with Gr = 10”. 
Although these figures are similar it is seen, as 
expected, that the lower the Prandtl number the larger 
is the induced velocity in this region. The effects of 
the horizontal wall is to make the streamlines enter 
the vertical boundary layer such that they are convex 
upwards whereas in the absence of this wall the 
streamlines enter convex downwards. Similar flow 
patterns exist for other Grashof numbers but it is 
seen that even for Gr = 10” first-order corrections are 
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FIG. 3. The velocity function distribution on the vertical plate for (r = 0.72. 

substantially affecting the flow. Therefore, the leading 
order solution is only appropriate at extremely large 
Grashof numbers. 

The velocity near the vertical plate, the horizontal 
plate and temperature distribution, are given by 

WxI~~ = /-b(v) +cJ”‘I(v) 

+ ~.:“f;(q) +~,Zf;(q) + h.o.t. 

- ~.@/v = f;(f) + e,“2.f;(rT) 

+e,f;($ +h.o.t. 

and 

(T- ~0)W(&Y) = h,(r) 

f&h 1 (VI + ~*3’*ud 

+~.&(r/)+h.o.t. 

respectively. Here E, and E_~ are the small parameters 
E, = Gr; 1’S and cY = Gr; “’ with Gr, = g~q?/(kv’) 

and Gr, = g/lqj4/(kv2) denoting the Grashof numbers 
relative to the lengths .? and j, respectively. The 
velocity and temperature profiles associated with 
expressions (67), i.e. the functions f: (i = 0, 1: 2,3), h, 
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FIG. 4. The temperature function distribution on the vertical 
plate for CT = 0.72. 

(i = 0, I, 2,3) and f: (i = 1,2,3) are plotted in Figs. 
3-8. 

It is observed that neglecting the second-order 
boundary-layer solution on the vertical plate will 
result in (i) an overestimation of the fluid velocity in 
the boundary layer except very close to the wall for the 
Prandtl number of 0.72 and (ii) an underestimation of 
the temperature profile in the boundary layer. 

Having determined the velocity components and 
temperature fields we can evaluate the local Nusselt 
number and the skin friction coefficients at the plate 
as 
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FIG. 5. The velocity function distribution on the horizontal 
plate for CJ = 0.72. 
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FIG. 6. The velocity function distribution on the vertical plate for B = 6.7. 

After a little algebra, we obtain 

Nu, 1 Ehlo-Ex _ -= - s/z hz(O) 
Nu,O x ho(O) ho(O) 

= 1-0.0803~~ -0.6640@ 

- 1.4257~: . . . , IS = 0.72 

= 1-0.0684~~ -0.5754E,3” 

-1.2164$..., Q= 1.0 

= l-0.0320&, - 0.3913&,3’* 

-0.6017$. . . , Q = 6.7 

and 

= 1+ 0.0344&, - 0.2793&,3’2 

+0.8906$ + . . . , u = 0.72 

= 1 + 0.02278, + 0.2023~,3” 

+0.6762&,2+ . . . . CJ= 1.0 

= 1 -0.00612sX+0.01182s~‘2 

+0.0765$+ . . , , TV = 6.7 

3x0> J;(O) gz 1+4/z_ - 
m f;(O) +E’fl(o) + ..* 

= 1+0.5873~;‘~ -2.3070~~ + . . ., 

= 1+0.6072e,!‘2-2.6605sY+ *.., 

= 1+0.9152s;‘2-3.7832&Y+ . . . . 
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FIG. 7. The temperature function distribution on the vertical 
plate for u = 6.7. 
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where the suffix ‘0' refers to the zeroth-order bound- 
ary-layer results. 
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From expression (71) it is seen that the zero-order Fro. 8. The velocity function distribution on the horizontal 
boundary layer underpredicts the local Nusselt num- plate for CC = 6.7. 
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ber at all orders of the approximations made and 
Prandtl numbers considered. This is in direct contrast 
to the situation that occurs without the presence of 
the horizontal plate, see Mahajan and Gebhart [l 11. 

However, this result is not unexpected because the 
presence of the horizontal plate has a profound effect 
on the induced flow away from the solid boundaries 
as we observed earlier. 

The effects of the higher-order approximations on 
the skin friction coefficient on the vertical plate, see 
equation (73) are observed to be dependent on the 
value of the Prandtl number. On further investigation 
it is found that if cr < (3) 3.055 the first-order bound- 
ary-layer correction underestimates (overestimates) 
the zero-order boundary-layer solution. It should be 
noted that in the absence of the horizontal plate 
Mahajan and Gebhart [ll] solved this problem but 
there is a sign error in their Table 1 in which f’;(O) 
should take the positive value 0.006691. If this 
correction is made then their results again give the 
opposite tendencies to those of the present work for 
the reasons already given. 

The leading order correction to the boundary-layer 
solution on the horizontal wall increases the skin fric- 
tion whilst the next order correction decreases it for 
all the Prandtl numbers we considered. 

In conclusion it is observed that even at local Gras- 
hof numbers of O(10”) higher-order approximations 
are beginning to have an appreciable effect on the flow 
characteristics and hence the classical boundary-layer 
solution may only be used with confidence at 
extremely large Grashof numbers. Further the leading 
order correction term to the vertical boundary-layer 
solution has precisely the opposite effect to that 
observed without the presence of the horizontal 
boundary. In order to obtain higher-order corrections 
it has been shown that it is necessary to include the 
interaction between the two boundary-layer flows 
which takes place by inertia effects through the outer 
region, which is both inviscid and isothermal. 

Acknowledgement-The helpful comments of the referees 
were very much appreciated. 

1. 

2. 

3. 

4. 

5. 

6. 

7 

REFERENCES 

K.-T. Yang and E. W. Jerger, First order perturbations 
of laminar free convection boundary layers on a vertical 
plate, J. Heat Transfer 86, 107-l 15 (1964). 
W. T. Kierkus, An analysis of laminar free convection 
flow and heat transfer about an inclined isothermal plate, 
Int. J. Heat Mass Transfer l&241-253 (1968). 
V. Kadambi, Singular perturbations in free convection, 
W&me- und Stojiibertr. 2,99-104 (1969). 
C. A. Hieber, Natural convection around a semi-infinite 
vertical plate: higher order effects, Inc. J. Heat Mass 
Transfer-17,785-791 (1974). 
N. Rilev. Note on a naper by Kierkus, Znt. J. Heat Mass 29 

Transfeyl8,991-993 (i975j. 
D. S. Riley and D. G. Drake, Higher approximations to 
the free convection flow from a heated vertical flat plate, 

30 

Appl. Scient. Res. 30, 193-207 (1975). 
A. F. Messiter and A. Lifian, A vertical plate in a laminar 3 I 

8. 

9. 

IO. 

Il. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28 

free convection : effects of leading and trailing edges and 
discontinuous temperature, ZAMP 27,633-651 (1976). 
A. A. Berezovsky, 0. G. Martynenko and Yu. A. Soko- 
vishin, Free convection heat transfer on a vertical semi- 
infinite plate, J. Engng Phys. 33, 32-39 (1977). 
A. A. Berezovsky and Yu A. Sokovishin. The leading 
edge effects on free-convective heat transfer, J. Engng 
Phys 33,501l504 (1977). 
A. A. Berezovsky and Yu. A. Sokovishin, The singular 
perturbation method in the problem of free convection 
with a constant heat flux on a vertical surface, Izv. Akud. 
Nauk SSR, Mekh. Zhid. Gaza No. 2, 1299136 (1977). 
R. L. Mahajan and B. Gebhart, Higher order approxi- 
mations on the natural convection flow over a uniform 
flux vertical surface, Int. J. Heat Mass Transfer 21, 549. 
556 (1978). 
R. L. Mahajan and B. Gebhart, Higher-order boundary 
layer effects in plane horizontal natural convection flows. 
J. Heut Transfer 1@&368-371 (1980). 
0. G. Martynenko, A. A. Berezovsky and Yu. A. 
Sokovishin, Laminar free convection from a vertical 
plate, Int. J. Heat Mass Transfer 27,869~881 (1984). 
N. Afzal, Higher order effects in natural convection flow 
over a uniform flux horizontal surface, Wiirme- und 
Stofltbertr. 19, 177-180 (1985). 
N. Riley, Free convection from a horizontal line source 
of heat, ZAMP 25,817-828 (1974). 
C. A. Hieber and E. J. Nash, Natural convection about 
a line heat source : higher order effects and stability, Int. 
.I. Heat Mass Transfer 18, 1473-1479 (1975). 
N. Afzal, Convective wall plume : higher order analysis, 
ht. J. Heat Mass Transfer 23. 504513 (1980). 
R. Krishnamurthy and-B. Gkbhart, Mixed convection 
in wall plumes, Inc. J. Heat Muss Transfer 27, 1679% 
1689 (1984). 
R. Krishnamurthy and B. Gebhart. Mixed convection 
from a line source plume, Int. J. Heat Muss Transfer 29, 
344347 (1986). 
1. C. Walton, Second order effects in free convection, .I. 
Fluid Mech. 64,796-809 (1974). 
K. Gersten and J. S. d’Avila. Higher order boundarv 
layer effects in combined free and forced convection, 
European Space Agency (ESA-TT-498). pp. 122213 1 
(1979). 
P. Cheng, Natural convection in a porous medium: 
external flow. In Natural Convection : Fundamentals and 
Applications (Edited by S. Kakac et al.). Hemisphere, 
Washington, DC (1985). 
D. A. Nield, Recent research on convection in a porous 
medium. In Proc. CSIROIDSIR Seminar on Convective 
Flows in Porous Media, Wellington, New Zealand 
(1985). 
M. Van Dyke, Perturbation Methods in FluidMechanics. 
Academic Press, New York (1964). 
0. G. Martynenko, A. A. Berezovsky and Yu. A. Soko- 
vishin. The Asymptotic Methods in the Free-convection 
Heat Transfer Theory (in Russian). Izd. Nauki i Tekh- 
nika. Minsk (1979). 
D. S. Riley and G. Poots, Thermal convection in a heated 
vertical corner, Q. J. Mech. Appl. Math. 25, 401421 
(1972). 
C. Rodighiero and L. M. de Socio, Some aspects of 
natural convection in a corner, J. Heat Transfer 105, 
212 (1983). 
P. Luchini, A. Pozzi and L. M. de Socio, Convezione 
naturalle in un angolo. In Atti 37” Congress0 Nationale 
ATI, Padova, pp. 6155622, Sept. (1982). 
P. Luchini, Analytical and numerical solutions for natu- 
ral convection in a corner, AIAA J. 24,841~848 (1986). 
R. Ruiz and E. M. Sparrow, Natural convection in V- 
shaped and L-shaped corners, ht. J. Heat Mass Transfer 
30,2539-2548 (1987). 
M. H. Kim and M.-U. Kim, Natural convection near a 



Natural convection in a right-angle comer : higher-order analysis 2177 

rectangular comer, Znt. J. Heat Mass Transfer 31,1357- 33. L. Rosenhead (Editor), L.aminar Boundary Layers, p. 
1364 (1988). 247. Oxford University Press, London (1963). 

32. D. B. Ingham and I. Pop, A note on free convection flow 34. G. Wilks, The flow of a uniform stream over a semi- 
in a comer, Znt. Commun. Heat Mass Transfer 15, 315- infinite vertical flat plate with uniform surface heat flux, 
322 (1988). Znt. J. Heat Mass Transfer 17,743-753 (1974). 

CONVECTION NATURELLE DANS UN COIN A ANGLE DROIT: ANALYSE D’ORDRE 
ELEVE 

R&sam~n prtsente des effets de couche limite d’ordre eleve pour la convection naturelle dans un coin 
a angle droit forme par une plaque verticale semi-infinie, a flux thermique constant, et une plaque 
horizontale semi-infinie isolbe thermiquement. En utilisant la methode de developpement asymptotique la 
solution est obtenue jusqu’a l’ordre quatre. On etudie pour la premiere fois l’interaction des deux Bcou- 
lements de couche limite a travers la region exteme non visqueuse. On a consider6 les valeurs propres et 
leurs fonctions propres associees aux dtveloppements intemes et on a trouve que leur contribution est 
identiquement nulle jusqu’a la correction d’ordre quatre. Des resultats numeriques sont obtenus pour des 
nombres de Prandtl de 0,72 (air), 1 et 6,7 (eau) et on presente l’ocoulement dans la region exteme ainsi que 
les profils de vitesse et de temperature dans les couches limites. La variation du nombre de Nusselt local 
et des coefficients de frottement pa&al est p&en& en fonction du nombre de Grashof local. On trouve 
que la presence du plan horizontal a un effet tres marque sur les approximations d’ordre ileve dans la 

couche limite verticale et dans la region exteme. 

NATURLICHE KONVEKTION IN EINER RECHTWINKLIGEN ECKE: ANALYSE 
HdHERER ORDNUNG 

Zusarnmenfassung-In dieser Arbeit werden die Grenzschichteffekte hoherer Ordnung fiir eine natiir- 
lithe Konvektionsstriimung in einer rechtwinkligen Ecke beschrieben. Diese Ecke wird von einer halb- 
unendlichen vertikalen Platte, der ein einheitlicher Warmestrom aufgeprlgt ist, und einer halbunendlichen 
horizontalen Platte, die wHrmegedlimmt ist, gebildet. Unter Benutzung der Methode der asymptotischen 
angepal3ten Entwicklungen ergibt sich die Losung bis zu einer Entwicklung der vierten Ordnung. Hier 
wurde zum ersten Ma1 das Zusammenspiel zwischen den beiden Grenzschichtstromungen untersucht, die 
durch die lul3ere reibungsfreie Region bedingt sind. Die Eigenwerte und ihre entsprechenden Eigen- 
funktionen, die iiber die innere Entwicklung zugeordnet sind, werden aufgesucht, und es ergibt sich, daO 
ihr Beitrag bis zu einer Korrektur vierter Ordnung genau null ist. Fur Prandtl-Zahlen von 0,72 (Luft) sowie 
1 und 6,7 (Wasser) erhalt man numerische Losungen, und es werden die Strijmung in der lul3eren Region 
sowie die Geschwindigkeits- und Temperaturprohle in den Grenzschichten dargestellt. AuBerdem werden 
Variationen der lokalen Nusselt-Zahl und der Reibungsbeiwerte der Platten als Funktion der lokalen 
Grashof-Zahl aufgezeigt. Es ergibt sich, da0 die PrZisenz der horizontalen Platten einen sehr wesentlichen 
Effekt auf die Nlherungsliisungen hijherer Ordnung in der vertikalen Grenzschicht und der luBeren Region 

hat. 

ECTECTBEHHAJI KOHBEKIJWr BBJIk13ZI lIPXMOl-0 Yl-JIA: AHAJIH3 BEJIkJWiH 
BbICBIE~O IIOPIiJJKA 

Aawmps-Elccne~2w 3@#m nbmnero nopnma n rroqm cJroBx rtpE ecrecrBemi0K0riBeB- 
nmrio~ reperims ~f5mra13 nprbroro yrna, o6pa3o~a~~oro nony6ecBoneBBbrBm lLBacrQraMB. BeprBBaJrb- 
Has Mac’lBEa BatJXsanCn ~BEOMepHO, ropB30BTaJrbIiaB-TeMoBBoJmpoBaIia. Mnono~ 
m ac~~nrror~~ecuix paanoner& nonyiexio pememie no nemmm nerneproro nopamra. 
BuepnMe E%BeBOBBHO BBaBMOBeikTBEe .BByX TeBeBBi+ B l.tOrJJaBB¶BBrx CnOW BO BHenII#eti HeBrl3BOi 
o6Bacm Ha&rem co6cmeBBBre arraqemm a coomercrsyrormse HM co6crBerrBBre &rmtm~ paanoxe- 
riB@ BJIB B~kllreti 06nacrri. 06Eapyrta0, BTO IU BICIIBL( B nOUpaBKy BeTaepFOrO UOpBBBa TOXAecr- 
B~BBO pa~ert rfymo. TIoByBeBBr BBcBeBBBre peay~~rar~r ~na pBcna lTparmrnn, panrroro 472 (so3nyx), 1 
H 6,7 (no,@ upri Teqemm no BEem&& 06nacrrr, H npnaeneri~ npo&um rer,un$parypbt a c~opocrri B 

nolpammma CJIoax. IIpencmmemd TaxXe 3aBucBMocrB Boranbnoro ¶BcBa HycceBbTa Jr Boa@& 
mmtrra noeepxriocrrroro rpeBBB aa mmcrmmx OT BxfcBa Fpacro@a. TIo~aaarto, BTO ropriaonranbriaa 
rmacrmra o~aabmafx cymecraemme mrmnine Ha nprr6nmtcemm BbIculero nopama B B~~~BBBBBEOM uor- 

parimtno~ c~oe H BO BBemBeti 06nacre. 


